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Abstract.

The task is to synthesize a robust multi-channel decentralized control system
with delay under the influence of external uncontrollable perturbations. Decen-
tralized robust control for such a system is defined as the task of constructing r
local control blocks, for the functioning of which only their measured outputs
and inputs are used, while cross-couplings between agents must be compensated.
In this case, the required quality of transient processes in local agents of the plant
is specified by equations of local reference models. To solve the problem, each
agent of the system uses an auxiliary loop method based on the principle of dy-
namic compensation: a generalized perturbation signal is isolated and then sup-
pressed using an auxiliary loop and two observers with a high gain coefficient.
The structure of the synthesized system is such that the isolated perturbation sig-
nal contains information not only about the parametric uncertainty of the plant
model, but also about the delay and external perturbations acting on each agent
individually. The Lyapunov function method is used to prove stability. A numer-
ical example of a system consisting of three agents is considered, illustrating the
algorithm's performance for the required dynamic accuracy. The control system
is simulated in the Simulink Matlab package. The simulation results confirmed
the theoretical conclusions and demonstrated the effectiveness of the control sys-
tem, taking into account delays in conditions of parametric uncertainty and ex-
ternal uncontrollable perturbations.

.Keywords:. robust control, multichannel, decentralized, time delay, auxiliary
loop, perturbations.

1 Introduction

The task of compensating for external and internal perturbations acting on a control
plant is one of the fundamental tasks in control theory. Solutions to problems under
conditions of parameter uncertainty have been obtained by making various assumptions
about the control plant model [1-8]. For example, in the case of dynamic deterministic
systems, these are assumptions about minimum phase, the order of the relative degree
of the model, perturbations acting from outside, etc., and for dynamic stochastic



systems, about the Gaussian distribution of measurement errors, the presence of com-
ponents that generate white noise, etc. An overview of publications on perturbation
observers is presented in [1,2].

Control systems that take into account delay components allow for an adequate de-
scription of real processes occurring in a dynamic system [8-13]. Thus, publication [10]
shows that the exclusion of a small delay in a system of differential equations can lead
to a change in the phase portrait. One type of system with delay is state delay, in general,
as is known, for the proof of stability of which the apparatus of Lyapunov-Krasovsky
functionals is used [9]. In some control problems for plants with time delay, it is possi-
ble to obtain a generalized model of the plant and suppress the isolated perturbed signal
carrying information about the time delay and perturbations. The auxiliary loop
method, based on the principle of dynamic compensation, allows solving perturbations
compensation problems, including nonlinear, time-varying, control-delayed, and other
components [7,8,12,15-18].

This paper considers the problem of robust compensation for external uncontrollable
deterministic perturbations in decentralized control of a multi-channel linear plant with
delays in communication channels. The parameters of the plant model are unknown;
only the intervals of change in their values are known. Decentralized robust control for
such a system is defined as the task of constructing r local control blocks, for the func-
tioning of which only their measured outputs and inputs are used, while cross-connec-
tions between agents must be compensated. At the same time, the required quality of
transient processes in the local agents of the plant is specified by the equations of local
reference models. To solve the problem, each agent of the system uses an auxiliary loop
method based on the principle of dynamic compensation: the generalized disturbance
signal is isolated and then suppressed using an auxiliary loop and two high-gain ob-
servers. This approach eliminates the impact of delays on the control loop and allows
for the subsequent solution of the control problem without considering the delay factor.
The structure of the synthesized system ensures that the isolated disturbance signal con-
tains information not only about the parametric uncertainty of the plant model, but also
about the delay, cross-coupling, and external disturbances affecting each agent individ-
ually. The Lyapunov function method was used to prove stability. A numerical example
was considered for a linear multichannel plant with time delay under external perturba-
tions and interval uncertainty of the control plant model parameters. System simulation
were performed in Simulink packages of the Matlab environment.

2 Problem statement

Consider a multi-channel control plant, whose dynamic processes are described by

the following differential equations
T

Q@y. () = kR ()w,(t) + N,(p)y, (t — h) + Z [;(@)y;(t — h) + fi (D),

j=11#j

piyi(s) =yu(s), i=0,....n—1, s€[-h;0] I=1r. (1)



where y; (t), u;(t) — scalar controlled variables and control actions of local agents, p =
d/dt — differentiation operator, Q;(p), R;(p) — normalized differential operators,
deg Q; (p) =n;, degR,(p) =my, degN,(p) <n; —1,degl}; (p) <n —1,time
delay A;(t) — bounded functions, k; > 0, f;(t) — external perturbations, [ = 1,7.

The reference model for the | subsystem is described by the equation

Qi (P)Ymu(8) = ki gi (D), (2)
where g;(t) — scalar bounded inputs, k,,;; > 0, y,,;(t) — scalar bounded outputs,
deg Qum (p) =y —my,l=1r.
It is necessary to obtain control algorithms in subsystems that ensure the fulfill-
ment of the following target conditions
ly:(®) = Ymu(@®)| < S mpn t =T, 3)

where §; is a sufficiently small number, T > 0.

Assumptions.

1. Local subsystems are controllable.

2. The coefficients of operators Q,(p), R;(p), N, (p), I};(p) and the values k,; de-
pend on the vector of unknown parameters &; € =, where = — is a known set of possible
values of the vector &, | = 1,_r

3. The delay time in each subsystem h; (t) — bounded function satisfying the con-
ditions A, (t) >0, 1 =1,r.

4. The controlling actions g;(t) and disturbing actions f;(t),l = 1,7 of local
agents are bounded functions of time.

5. Polynomials R;(4), Qi (4), Ry (A) are Hurwitz, where A is a complex vari-
able in the Laplace transform. deg R; (p) = m;, deg Q.,, (p) = n; —m;, deg Q, (p) =
n;.

6. The derivatives of the output variables and control actions are not measured.

3 Solution

Let us represent operators Q; (p)and R,(p) as Q,(p) = Qou(p) + AQ (). Ri(p) =
Roi(p) + AR;(p), where Qy; (D), Ry; (D) — operators with known coefficients such that

the polynomials Qq; (1), Ry; (1) — are Hurwitz polynomials and have orders n; and m;,
respectively. Since Qy;(A) and Ry;(1) are arbitrary known polynomials, we choose
them so that the equality Q,,,; (p) = Qo1 (p)/Ro;(p). is satisfied. Then equation (1) takes
the form

Qu@yi(t) =k (ul(t) + ARi(p) u(t) — 40 ®) v (t) + Ni(p) (t —

Ro1(D) K1Ro1 () KiRoy(2) !

Yj=i2j Ty i(E=hy) + 1 ﬁ(t)) JL=1r. )

h () +

kiRo1(p) kiRo1(p)
Let us formulate an equation for the error e;(t) = y;(t) — ¥, (t), by subtracting
(2) from (4),

_ 4R;(p) _ Ap) Ni(p) _
Omi@er®) = e (1(0) + 52y (1) = 22y ) 4 MOy (¢ py)
Y112 Ty j(t=hy)

1 _ M _ _
kiRo1(p) + kiRo1(p) ﬁ(t) k; gl (t)> ) l 1, Tr. (5)




Let us transform equation (5) to the form

Qmi(@e(t) = B () + p(t),

~(1) — _ 4Ry(p) 40:(p) Ni(p) _
e @) = (k — Bu (D) + (um 2Dy (1) - 2UDL (1) 4 My (g
Py szyj(f—hjl _ ) _
O~ a®) L=1r
We will form a control that will compensate for the negative effect of perturba-
tions in the | — agents. If the measurement n; — m; — 1 of the derivatives of the control
action v;(t), is available, we will define the control law u,;(t) as
w(t) = Ti(p)vi(t), 1= 1,7 (6)
Then equation (5) will take the following form

Qmu(Per(t) = kyTy(0) (wy(£) + 2Dy (1) — AAD)__y (1) 4

h) +

Ro1(p) kiRo1(p)T1(P)
N - Tayi(t—h;
1(P) Yot = (D)) + X Ty (¢ = By)
szoz(P)Tl(P) _ kiR, (p)T,(p)
szm(p)Tl(p)fl( ) " @) =1 )

Since the system is designed on the assumption that only scalar inputs and outputs
are available for measurement, the control law will be defined instead of (6) as

w () =Ti(pvi(),l=1r. ®)

where v, (t) is the signal estimate obtained from the observer [14]
& = Fi§y(t) + Boy (v, (t) — — (),
v (1) = Li§(), L= 1,7 )
Here &,(t) € RM™™, F,, is a Frobenius matrix with a zero bottom row, L; =
[1,0,...,0],B], = [b” . i m’] The parameters by, ..., b

b4 nl my

n;—m, are chosen so that the

matrices F; = Fy;, + B,L are Hurwitz, B,” = [by,,..., by, -
Substituting (8) into (7), we obtain the equation
QuPe(t) = BTi(P)vi (1) + (1) + BiTi() (Wi (1) — v (1)), (10)

where

6,() = (e — BYW(®) + Ky Ty () Ry (1) — —2UD__y, () 4

Rou0) " T Ry @)Ti(@)
N et
_ MO ¢ B )
HRGIT@) TR )
Wﬁ( ) kT (p)gl( ))

Let us select a polynomial T;(A) in the [ —th local agent so that the transfer

function satisfies the equality QZE?;) = /1+r11mz' Then equation (10) is transformed to the
form

(» + ampe(t) = B (t) + (), (11)
where ¢ (t) = ——¢,(t) + B (@, (t) — vi(8)), L =17

T (p)



The signal ¢,;(t) concentrates all the uncertainty of the parameters of the [ —
th local control agent, information about external perturbations, nonlinearities, and de-
lays.

To compensate for the negative effect of the selected signal ¢,;(t) inthe Bl — th
local agent, we will use the auxiliary loop method [7].

Let's introduce an auxiliary loop

(0 + am)e(t) = By (), L = 1,7 12)
Taking into account (11) and (12), we can formulate the equation
P+ am)q(t) = (), L = 1,7, 13)

where {;(t) = y,(t) — y,(¢), {;(t) — discrepancy. Thus, if n; —m; — 1 derivatives of
signals v;(t) and the first derivative of the controlled variable e;(t), are available for
measurement, then, by forming v;(t) in the form
n® = -5 @+a)a®,1=1r, (14)
we obtain that the control law (6), (14) ensures asymptotic stability of the system (1),
(6), (14) with respect to the variable ¢; (t), and the equation of the closed system will
be of the form (p + a,,;)e;(t) = 0. Therefore, from (5) we have that n; — m,; deriva-
tives of the signal e;(t) tend to 0. But for the system to be operational, it is necessary
to show that the signal ¢;(t),[ = 1,r is bounded.
So, if it is possible to measure the listed derivatives ¢,;(t) =

d) (t), and from

T (P)
(14) we have that v,(t) = — é #,(t). Then
1 AR A
i w(t) = _E((kz = Bow(t) + szl—((p))uz(t) - Ril((;))) () +
p
F 2By (= () + s i) — 2 gu(D) (15)
The components ==~ Ql(p) yi (1), ;Vz((r;)) yi(t — hy (1)), ™ ( ) ——f,(t) are bounded due to

the Hurwitz property of the polynomial Ry;(4) and the condition glmel(t) = 0. Fur-

thermore, the control action g(t) is bounded due to assumption.
Solving equation (15) u;(t), for we obtain

w@=@fglo PPV = By (£ = hy(2) -
s fil) +

klR 1(10) klR l(p) gt )) (16)

From which, taking into account (4), it follows that Q,,;(p)y;(t) = 0, and from
(15) we have

—_ __ “Ru®  _ (420 _ip) _ _
w® = R +aR ) (kRol(P) O R GO
kiR z(P)fl( )+ klR l(p) 9 ))

Since Ry;(p) + AR;(p) = R;(p) is a Hurwitz polynomial, and n; — m; deriva-
tives e;(t) tend to zero, the control signal u,(t), is bounded, and therefore the signals
¢ (1), 61 (t), variable {;(t) and its derivative due to (14).

If it is impossible to measure the necessary derivatives of the signal {;(t), instead
of (14), we form the signal v;(t) in the form



n() = -5 @+an)G®,1=1r, (17)

where El (t) — assessment obtained from an observer [14]

Z; = Fpiz,(t) + B (G (1) — ¢, (1)),

{l(t) = LlZZl(t)! l= 1! T, (18)
where z,(t) € R?, matrices Fy, and By, are the same as in (9), but only of the corre-
sponding dimensions, L, = [1,0], I = 1, 7. In this case, the statement is true.

Theorem. Let assumptions 1-6 hold, then for any § > 0 in (3) there exist numbers
such that when y; >0, T > 0 and t > T for systems (1), (8), (9), (12), (17), (18), the
target conditions (3) are satisfied and all variables in the system are bounded.

Proof. Let us introduce the vectors

a," () = (W (£), pry (L), ..., pv (), 2§ =[G (1), PG (1]

and normalized discrepancy vectors
1,(6) = Tt (01(t) — §1(8)), Wi(t) = Ty (Zou(t) — z,(1)).
Here It = diag{p,™ ™%, ..., 1, 1}, T;;t = diag{y,, 1}. Then, from (9) and (18),
we have
_ 1 . _ _ 1—=_
m(t) = Ele — by (0), w(t) = zFlWl(t) - 0% (t)'(19)

6,(t) = ™ L), L= 1,7, 7(t) = wlywi (1), =17,

rae F; = Fo + B_ﬂsza by =_[0,...,1],b_§l =[0,1], Ly; = [1,0], 6,(8) = vy () — v, (D),
1) =¢4@) —q@®),l=1r.

Let us transform equations (19) into equivalent equations with respect to outputs
0,(t) and 7,(t)
. 1 . — —
{m(t) = - Fi () = bpwi(2), {wl (©) = Fowi(8) = bipd, (1)
6,(t) = ™™ Ly (t), 7 () = wilywi(t),
—T I
bl =1[1,0,...,0], b, =[1,0], 1 =1,r.
Equations (19) and (20) are equivalent with respect to outputs 6;(t) and 7;(t),
since they are vector-matrix forms of the same equations:

_ b o bn,—m _
(P" m +ﬁpnl mely 4 nll—mll) 6,(t) = p™ ™M (),

H
d
(p+2p+ )@ =p%a©, =T,
Taking into account (6), (17), and (20), equation (11) will take the form
el(t) = —‘Lllewl(t), l = 1, r. (21)
Let us take the Lyapunov function
V() = 0" (©OHm @) +w," OHw (), =17,
where the positive definite matrices H; and Hy; are solutions to the equations

. _T _
HF, + F"H, = =2pyl, HyF +F Hy=—=2pyl, 1=1r,

(20)

d
2l T

and calculate the total derivative on the trajectories of the system
Vi(t) = =2 % Im(OI? -2 % lw ()12 = 2n," O Hpv, () — w," (O)HLuPpG (). (22)



Let us write equations (20) in the form
{lluﬁz(t) = Fini(t) — tabipvi (8),
puwi () = Fiw(t) — uabipdy,
@+ am)yr = =21 (P + am) Lyywi (8),

P =p2, L=1r
Let us use Lemma [7].

(23)

Lemma [7]. If the system is described by the equations
5C = f(x! H1, #2): x € Rn;
u = col(uq, 1), f(x,uqg,uy) — is a continuous function, Lipschitzian with respect to
x, and when p, = 0 has a bounded closed region of dissipativity 2 = {x: F(x) < C},
where F(x) is a positive definite, continuous, piecewise smooth function, then there
exists fo > 0 such that when py < pg u U, < Uy, the initial system has the same dissi-
pativity region £, if for some numbers C > 0, u, > 0, y, = 0 the condition

aFCo\T

sup ((%2) feom,0)) < -¢, Fey = ¢
lualspg

is satisfied.

In this case, if y;; = 0 in (23), then this is equivalent to all derivatives being

measured and two exponentially stable systems being added
pu () = Eni(©), wi(t) = Fw (0).

As already proven, in this case all variables in the system are bounded and the
conditions of the lemma are satisfied. In other words, in the region 2 e;(t) =
0, vy < kqp, 1§ ()] < kyy, and from (8) and (15) it follows that [p{;(t)| < ks,
lpv;| < kg, where kqj, kyp, k3, kgqp — are some positive constants. Let us show that in
the case of u,; # Oor more precisely, whenpy; < po; 1ty < fq;, the region of dissi-
pativity will be . 2;.

Letus uy; = pz = Wy, in (23) and, substituting them into (22), use the estimates

T 1 2 2 2.1 2 27,2
—2n, (OH,pv(t) S”—|Uz(t)| + il H |1 pv (0] Su—lm(t)l + il H 1%k,
1 !

/ _H
—2w, T (O)HypG(t) < H—Z|Wl(t)|2 + wllHylI?kZ, 1=1,r.

Substituting these estimates into (22), we obtain the inequality

. P P21 1 1

() < ——Im@®* === Iw(®)I* = —(p1; — DIm@®O* = —(p2r — DIw(1)1* +
Mz H _ !

+u (1H N12k3, + I1Hy I7kZ), L= 1,7

By choosing p;; > 1 u p,; > 1, we obtain
Vi) < =@ = S wi (O + b, (24)
where B3, = ||H,||?k3, + ||Hy;||k2,. Where should one go



V() < =BuVi(t) + wiPar, (25)

P, _ Pl } A() — the maximum eigenvalue of the corre-
wiiciy’ wann) A0 g

sponding matrix. From (25) we have V;(t) < HiPsl ;f 3L
11

Taking into account the inequality |w;(t)]|? <

where [, = min{

1
AL(Hyp)

AGES ’Z—m u3 from the
1l

third equation (23), we have |e;(t)| < w;|lw; ()] < /”;—3131 From this, we can see that
1

for any §; > 0 in (3), there exists py; such that the target condition (3) will be satisfied.

4 Numerical example

Consider a multi-chanal plant consisting of three control agents, whose dy-
namic processes are described by differential equations
(@* + aup® + ayp® + agyp + as)yu(t) = (bop + byuy + (cyp + ) fi(t) +
+(nyp? +nyp® +nyp + gyt —h), 1=13,j=13, j#l
The task of decentralized agent control, as noted in assumption 2, is solved
under conditions of parametric uncertainty.
The uncertainty class is defined by the following inequalities:
—2<ay<8, 1=<by=<20, 1<bh; <20, -1<¢; <15 —-1<
¢ <15, —10 <n, <10,q=14,1=13.
The equations of the reference agent models are as follows:
(P +3)%ymi(®) = 159, (1)),
(@ + 2)%ym2 () = 10g,(1),
(@ +9°yms(t) = 12g5(0),
91 (t) = sinl.7t, g,(t) = sin2t, g;(t) = sin4t.
Following the control algorithms proposed in this paper, we select:

e polynomials T;(A) = (A+3)? T,(A) =A+2)4Ti(A) =@A+4)? B =
20, u; = 0,01,1 = 1,3.

e auxiliary loop in the form of

(p + 3)e1(t) = 20v,(2),
(p + 2)e,(t) = 20v,(t),
(r +Des(t) = 20v3(t);

e observer equations in the form



(10 = &, + (@) = £, ),
£p® =5 (n® = §,®)
vi(t) = fll(t),l = ﬁ;

{Zl(f) =2 (GO~ z(®),
() =z(@), 1=13.
control actions in the form of
uy (t) = &4 (t) + 68,1 (t) + 95:21(’5);
Uy (t) = & (1) + 4&,,(8) + 4_522@);
uz(t) = &3(t) +8(t) + 168, (1),

v, (t) = —0.05(3¢,(6) + 2,(¢)),
v,(t) = —0.05(28,(t) + ,(1)),
v3(t) = —0.05(445(t) + Z3(1)).

The proposed control algorithms were simulated in the Simulink package of the
Matlab environment for a plant of three control agents, whose mathematical models are

represented as follows:
(* —4p® +4p* —4p+ Hy: () = Tp + 5w + Gp + DA +
+@3p? +3p + 3y (t —2) + P° + 2p* + p + D2t — 2) + y3(t — 2)),

(P*—2p*+8p* —p—2)y,(t) = (p+Suy, + (p + V() +
+(=p +2)y,(t — 2) + (5p> + 2p* + 3p + D (1 (t — 2) + y3(t — 2)),

(p*—4p*+4p* —p+Dy:() =CBp+ Dus + (p + D fs(t) +
+@4p® +p + Dys(t —2) + (p* + 2p* —p + D1t — 2) + y,(t — 2))

Fig. 1 shows the tracking errors e; (t), e,(t), e3(t) trajectories.
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Fig. 1. Tracking error trajectories

Fig. 2 shows the tracking the trajectories of
yml(t)'ymz(t):ymB(t)~

reference  models
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Fig. 2. Tracking the trajectories of reference models
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Fig. 3 shows the tracking the trajectories of control actions
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Fig. 3. Tracking the trajectories of control actions

The computer simulation results shown in the figures demonstrate the good per-
formance of a decentralized multi-channel system that takes into account delays, cross-
signals, external disturbances, and a priori uncertainty in the parameters of the plant

agents.

5 Conclusion

The paper proposes a novel robust decentralized control system for a multi-
channel linear plant with delay. Each agent of the plant compensates for external and
internal disturbances using the auxiliary loop method. Based on the estimates of dis-
turbances, control actions are generated to achieve the control goal with a specified
accuracy. The structure of the synthesized system is such that the isolated disturbance
signal contains information not only about the parametric uncertainty of the plant
model, but also about the time delay, cross-connections, and external disturbances
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affecting each agent individually. The Lyapunov function method was used to prove
stability. A numerical example was considered for a linear multi-channel system with
time delay under external disturbances and interval uncertainty in the control system.
The results of computer modeling in the Simulink package of the Matlab environment
confirmed the theoretical findings and demonstrated good performance of the control
system. This approach can be applied and extended to other multi-channel control
plants, in particular, agents that are described by nonlinear, non-stationary differential
equations with and without delay, as well as for the case of non-identical agents with
equal relative degrees of agent models.
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    Q  l  ( p )   y  l  ( t ) =   k  l   R  l  ( p )   u  l  ( t ) +   N  l  ( p )   y  l  ( t −  h  l ) +   ∑  j = 1 , l ≠ j  r   Γ  l j ( p )   y  j ( t −  h  j ) +   f  l ( t ) ,


  


    y  l ( t ) ,   u  l ( t )


  p = d / d t −


    Q  l ( p ) ,   R  l ( p ) −


    d e g ⁡    Q  l ( p ) =   n  l ,  


    d e g ⁡    R  l ( p ) =   m  l ,  


    d e g ⁡    N  l ( p ) ≤   n  l − 1


    d e g ⁡   Γ  l j ( p ) ≤   n  l − 1


   h  l ( t ) −


    k  l > 0


      f  l ( t ) −


  l =   1 , r ¯ .


    Q  m l  ( p )   y  m l  ( t ) =   k  m l   g  l  ( t ) ,


    g  l ( t ) −


    k  m l > 0


    y  m l ( t ) − scalar   bounded   outputs


    d e g ⁡    Q  m l  ( p ) =   n  l −   m  l ,   l =   1 , r ¯ .


   |   y  l ( t ) −   y  m l ( t ) | <   𝛿  l


  t ≥ T ,


    𝛿  l


  T > 0


    Q  l ( p ) ,   R  l ( p )


      N  l ( p ) ,  Γ  l j ( p )


    k  l


    𝜉  l ∈ 𝛯


  𝛯 −


    𝜉  l ,


  l =   1 , r ¯ .


   h  l ( t ) −


   h  l ( t ) > 0 ,     l =   1 , r ¯ .


    g  l ( t )


    f  l  ( t ) , l =   1 , r ¯


    R  l ( 𝜆 ) ,     Q  m l ( 𝜆 ) ,     R  m l ( 𝜆 )


  𝜆


    d e g ⁡    R  l ( p ) =   m  l ,


    d e g ⁡    Q  m ( p ) =   n  l −   m  l ,


    d e g ⁡    Q  l ( p ) =   n  l .


    Q  l ( p )


    R  l ( p )


    Q  l ( p ) =   Q  0 l ( p ) + 𝛥   Q  l ( p )


      R  l ( p ) =   R  0 l ( p ) + 𝛥   R  l ( p )


    Q  0 l ( D )


    R  0 l ( D ) −


    Q  0 l ( 𝜆 )


      R  0 l ( 𝜆 ) −


      n  l


    m  l


    Q  0 l ( 𝜆 )


    R  0 l ( 𝜆 )


    Q  m l ( p ) =   Q  0 l ( p ) /   R  0 l ( p ) .


    Q  m l  ( p )   y  l  ( t ) =   k  l  (   u  l  ( t ) +   𝛥   R  l  ( p )    R  0 l  ( p )   u  l  ( t ) −   𝛥   Q  l  ( p )    k  l   R  0 l  ( p )   y  l  ( t ) +     N  l  ( p )    k  l   R  0 l  ( p )   y  l  ( t −  h  l ( t ) ) +     ∑  j = 1 , l ≠ j  r   Γ  l j   y  j  ( t −  h  j )    k  l   R  0 l  ( p ) +  1    k  l   R  0 l  ( p )   f  l  ( t ) ) , l =   1 , r ¯ .


    e  l ( t ) =   y  l ( t ) −   y  m l ( t )


    Q  m l  ( p )   e  l  ( t ) =   k  l  (   u  l  ( t ) +   𝛥   R  l  ( p )    R  0 l  ( p )   u  l  ( t ) −   𝛥   Q  l  ( p )    k  l   R  0 l  ( p )   y  l  ( t ) +     N  l  ( p )    k  l   R  0 l  ( p )   y  l  ( t −  h  l ) +     ∑  j = 1 , l ≠ j  r   Γ  l j   y  j  ( t −  h  j )    k  l   R  0 l  ( p ) +  1    k  l   R  0 l  ( p )   f  l  ( t ) −     k  m l    k  l   g  l ( t ) ) , l =   1 , r ¯ .                                                                                              


    Q  m l  ( p )   e  l  ( t ) =   𝛽  l   u  l  ( t ) +   𝜑 -  ( t ) ,                            


    𝜑 -  ( t ) = (   k  l −   𝛽  l )   u  l  ( t ) +  (   u  l  ( t ) +   𝛥   R  l  ( p )    R  0 l  ( p )   u  l  ( t ) −   𝛥   Q  l  ( p )    k  l   R  0 l  ( p )   y  l  ( t ) +     N  l  ( p )    k  l   R  0 l  ( p )   y  l  ( t −  h  l ) +     ∑  j = 1 , l ≠ j  r   Γ  l j   y  j  ( t −  h  j )    k  l   R  0 l  ( p ) +  1    k  l   R  0 l  ( p )   f  l  ( t ) −     k  m l    k  l   g  l ( t ) ) , l =   1 , r ¯ .                                                          


  l −


    n  l −   m  l − 1


    v  l ( t )


    u  l ( t )


    u  l ( t ) =   T  l ( p )   v  l ( t )


  l =   1 , r ¯ .


    Q  m l ( p )   e  l ( t ) =   k  l   T  l ( p ) (   v  l ( t ) +   𝛥   R  l ( p )    R  0 l ( p )   v  l ( t ) −   𝛥   Q  l ( p )    k  l   R  0 l ( p )   T  l ( p )   y  l ( t ) +


  


  


    u  l ( t ) =   T  l ( p )     v  l ¯ ( t ) ,


  l =   1 , r ¯ .


      v ¯  l  ( t )


      𝜉 .  l =   F  0 l   𝜉  l ( t ) +   B  0 l (   v  l ( t ) −     v ¯  l ( t ) ) ,


      v ¯  l ( t ) =   L  l   𝜉  l ( t )


  l =   1 , r ¯ .


    𝜉  l ( t ) ∈   R    n  l −   m  l ,   F  0 l


    L  l = [ 1 , 0 , . . . , 0 ] ,   B  0 l  𝛵 =  [     b  1 l  𝜇 , . . . ,     b    n  l −   m  l    𝜇    n  l −   m  l ]


    b 1 , . . . ,   b    n  l −   m  l


    F  l =   F  0 l +   B  l L


      B  l  𝛵 = [   b  1 l , . . . ,   b    n  l −   m  l ]


    Q  m l ( p )   e  l ( t ) =   𝛽  l   T  l ( p )   v  l ( t ) +     𝜙  l ¯ ( t ) +   𝛽  l   T  l ( p ) (     v ¯  l  ( t ) −   v  l  ( t ) ) ,


                                    𝜙 ¯  l ( t ) = (   k  l −   𝛽  l )   v  l ( t ) +   k  l   T  l ( p ) (   𝛥   R  l ( p )    R  0 l ( p )   v  l ( t ) −   𝛥   Q  l ( p )    k  l   R  0 l ( p )   T  l ( p )   y  l ( t ) +


  


  +  1    k  l   R  0 l  ( p )   T  l  ( p )   f  l  ( t ) −     k  m l    k  l   T  l  ( p )   g  l  ( t ) ) .


    T  l ( 𝜆 )


  l − t h


        T  l ( 𝜆 )    Q  m l ( 𝜆 ) =  1  𝜆 +   a  m l


  ( p +   a  m l )   e  l ( t ) =   𝛽  l   v  l ( t ) +   𝜙  l ( t ) ,


    𝜙  l ( t ) =  1    T  l ( p )     𝜙 ¯  l ( t ) +   𝛽  l (     v ¯  l ( t ) −   v  l ( t ) ) ,


  l =   1 , r ¯ .


    𝜙  l ( t )


  l − t h    


    𝜙  l ( t )


  l − t h


  ( p +   a  m l )     e ¯  l ( t ) =   𝛽  l   v  l ( t ) , l =   1 , r ¯ .


  ( p +   a  m l )   𝜁  l ( t ) =   𝜙  l ( t ) ,


  l =   1 , r ¯ ,


    𝜁  l ( t ) =   y  l ( t ) −     y ¯  l ( t ) ,


    𝜁  l ( t ) −


      n  l −   m  l − 1


    v  l ( t )


    e  l ( t )


    v  l ( t )


    v  l ( t ) = −  1    𝛽  l ( p +   a  m l )   𝜁  l ( t ) , l =   1 , r ¯ ,


    e  l


   ( p +   a  m l )   e  l  ( t ) = 0


    n  l −   m  l


    e  l ( t )


    𝜙  l ( t ) , l =   1 , r ¯


    𝜙  l ( t ) =  1    T  l ( P )     𝜙 ¯  l ( t )


    v  l ( t ) = −  1    𝛽  l   𝜙  l ( t )


    u  l ( t ) = −  1    𝛽  l  ( (   k  l −   𝛽  l )   u  l ( t ) +   k  l   𝛥   R  l ( p )    R  0 l ( p )   u  l ( t ) −   𝛥   Q  l ( p )    R  0 l ( p )   y  l ( t ) +


  


    𝛥   Q  l ( p )    R  0 l ( p )   y  l ( t )


      N  l ( p )    R  0 l ( p )   y  l ( t −  h  l ( t ) )


   1    R  0 l  ( p )   f  l  ( t )


    R  0 l ( 𝜆 )


    l i m  t → ∞   e  l ( t ) = 0


  g ( t )


    u  l ( t )


    u  l ( t ) =  ( −   𝛥   R  l ( p )    R  0 l ( p )   u  l ( t ) +   𝛥   Q  l ( p )    k  l   R  0 l ( p )   y  l ( t ) −     N  l ( p )    k  l   R  0 l ( p )   y  l ( t −  h  l ( t ) ) −


    Q  m l ( p )   y  l ( t ) = 0


    u  l ( t ) =   −   R  0 l ( p )    R  0 l ( p ) + 𝛥   R  l ( p ) =  (   𝛥   Q  l ( )  k   R  0 l ( p )   y  l ( t ) −     N  l ( p )    k  l   R  0 l ( p )   y  l ( t −  h  l ( t ) ) −


    R  0 l ( p ) + 𝛥   R  l ( p ) =   R  l ( p )


    n  l −   m  l


    e  l ( t )


    u  l ( t )


    𝜙  l ( t )


      𝜙 ¯  l ( t )


    𝜁  l ( t )


    𝜁  l ( t )


    v  l ( t )


    v  l ( t ) = −  1    𝛽  l ( p +   a  m l )     𝜁  l ¯ ( t ) , l =   1 , r ¯ ,


      𝜁 ¯  l ( t ) −


      z .  l =     F  0 l ¯   z  l ( t ) +     B  0 l ¯ (   𝜁  l ( t ) −     𝜁 ¯  l ( t ) ) ,


      𝜁 ¯  l ( t ) =   L  l 2   z  l ( t ) ,   l =   1 , r ¯ ,


    z  l  ( t ) ∈   R 2


    F  0 l


    B  0 l


    L 2 = [ 1 , 0 ]


  l =   1 , r ¯


  𝛿 > 0


    𝜇  l > 0 ,   T > 0


  t ≥ T


      𝜎  l  𝛵 ( t ) =  (   v  l ( t ) , p   v  l ( t ) , . . . , p   v  l ( t ) ) ,     z  0 l  𝛵 = [   𝜁  l ( t ) , p   𝜁  l ( t ) ]


      𝜂 ¯  l ( t ) =  Γ  1 l  − 1 (   𝜎  l ( t ) −   𝜉  l ( t ) ) ,       w ¯  l ( t ) =  Γ  2 l  − 1 (   z  0 l ( t ) −   z  l ( t ) )


   Γ  1 l  − 1 = d i a g {     𝜇  l    n  l −   m  l − 1 , . . . ,   𝜇  l , 1 }


   Γ  2 l  − 1 = d i a g {   𝜇  l , 1 }


   {          𝜂  l ¯ ⋅  ( t ) =  1    𝜇  l   F  l     𝜂 ¯  l −   b  0 l   p    n  l −   m  l   v  l  ( t ) ,     𝜃  l  ( t ) =     𝜇  l    n  l −   m  l − 1   L  l     𝜂  l ¯  ( t ) , l =   1 , r ¯ ,


   {          w ¯ ⋅  l  ( t ) =  1    𝜇  l     F ¯  l     w ¯  l  ( t ) −   p 2   𝜁  l  ( t ) ,     𝜏  l ( t ) =   𝜇  l   L  2 l     w ¯  l ( t ) ,   l =   1 , r ¯ ,


      F  l ¯ =     F  0 l ¯ +     B  0 l ¯   L  l 2


    b  l 0  𝛵 = [ 0 , . . . , 1 ]


      b  0 l  𝛵 ¯ = [ 0 , 1 ]


    L  2 l = [ 1 , 0 ]


    𝜃  l ( t ) =   v  l ( t ) −     v  l ¯ ( t ) ,


    𝜏  l ( t ) =   𝜁  l ( t ) −     𝜁  l ¯ ( t )


  l =   1 , r ¯ .


    𝜃  l ( t )


    𝜏  l ( t )


   {        𝜂 .  l  ( t ) =  1    𝜇  l   F  l   𝜂  l  ( t ) − b p   v  l  ( t ) ,     𝜃  l ( t ) =     𝜇  l    n  l −   m  l − 1   L  l   𝜂  l ( t ) ,  {        w .  l  ( t ) =  1    𝜇  l     F ¯  l   w  l  ( t ) −     b  l ¯ p   𝜁  l  ( t )     𝜏  l ( t ) =   𝜇  l   L  2 l   w  l ( t ) ,


    b  l  T = [ 1 , 0 , . . . , 0 ]


      b ¯  l  T = [ 1 , 0 ]


  l =   1 , r ¯ .


    𝜃  l ( t )


    𝜏  l ( t )


   (   p  n − m +     b  l 1    𝜇  l   p    n  l −   m  l − 1 + . . . +       b    n  l − m  l      𝜇  l    n  l −   m  l )   𝜃  l ( t ) =   p    n  l −   m  l   v  l ( t )


   ( p +     d  1 l    𝜇  l p +     d  2 l    𝜇  l 2 )   𝜏  l ( t ) =   p 2   𝜁  l ( t ) ,   l =   1 , r ¯ .


                                                                e  l ( t ) = −   𝜇  l   L 2   w  l ( t ) ,   l =   1 , r ¯ .


    V  l ( t ) =     𝜂  l  𝛵 ( t )   H  l   𝜂  l ( t ) +     w  l  𝛵 ( t )   H  1 l   w  l ( t ) ,   l =   1 , r ¯ ,


    H  l  


    H  1 l


    H  l   F  l +     F  l  𝛵   H  l = − 2   𝜌  1 l I


    H  1 l     F  l ¯ +       F  l ¯  𝛵   H  1 l = − 2   𝜌  2 l   I  l ,   l =   1 , r ¯ ,


      V .  l ( t ) = − 2     𝜌  1 l    𝜇  l    |   𝜂  l ( t ) | 2 − 2     𝜌  2 l    𝜇  l    |   w  l ( t ) | 2 − 2     𝜂  l  𝛵 ( t )   H  l p   v  l ( t ) −     w  l  𝛵 ( t )   H  1 l   p  l   𝜁  l ( t )


   {       𝜇  1 l     𝜂 .  l ( t ) =   F  l   𝜂  l ( t ) −   𝜇  2 l   b  l p   v  l ( t ) ,          𝜇  1 l     w .  l ( t ) =     F  l ¯   w  l ( t ) −   𝜇  2 l     b ¯  l p   𝜁  l ,    ( p +   a  m l )   y  l = −   𝜇  2 l ( p +   a  m l )   L  2 l   w  l ( t ) ,          𝜇  1 l =   𝜇  2 l ,   l =   1 , r ¯


    x . = f  ( x ,   𝜇 1 ,   𝜇 2 ) ,     x ∈   R  n ,


   


  𝜇 = c o l (   𝜇 1 ,   𝜇 2 ) ,   f ( x ,   𝜇 1 ,   𝜇 2 ) −


  x


    𝜇 2 = 0


  𝛺 =  { x : F ( x ) < C }


  F ( x )


    𝜇 0 > 0


    𝜇 1 <   𝜇 0


    𝜇 2 <   𝜇 0


  𝛺


  C > 0 ,       𝜇 ¯ 1 > 0 ,     𝜇 2 = 0


    s u p   |   𝜇 1 | ≤     𝜇 1 ¯  (    (   𝜕 F ( x )  𝜕 x )  𝛵 f ( x ,   𝜇 1 , 0 ) ) ≤ − C


  F ( x ) = C


    𝜇  l 2 = 0


    𝜇  l 1     𝜂 .  l  ( t ) =   F  l   𝜂  l  ( t ) ,       w .  l ( t ) =     F ¯  l   w  l ( t )


  𝛺


    e  l ( t ) → 0 ,    |   v  l ( t ) | <   k  1 l ,    |   𝜁  l ( t ) | <   k  2 l


     | p   𝜁  l ( t ) | <   k  3 l


   | p   v  l | <   k  4 l


    k  1 l ,   k  2 l ,   k  3 l ,   k  4 l −


    𝜇  2 l ≠ 0


    𝜇  1 l <   𝜇  0 l


    𝜇  2 l <   𝜇  1 l


    𝛺  l .


    𝜇  1 l =   𝜇  2 l =     𝜇  l  l  


  − 2     𝜂  l  𝛵  ( t )   H  l p   v  l  ( t ) ≤  1    𝜇  l    |   𝜂  l  ( t ) | 2 +   𝜇  l    ‖   H  l ‖ 2    | p   v  l  ( t ) | 2 ≤  1    𝜇  l    |   𝜂  l  ( t ) | 2 +   𝜇  l    ‖   H  l ‖ 2   k  3 l 2 ,


  


      V .  l ( t ) ≤ −     𝜌  1 l    𝜇  l    |   𝜂  l ( t ) | 2 −     𝜌  2 l    𝜇  l    |   w  l ( t ) | 2 −  1    𝜇  l (   𝜌  1 l − 1 )    |   𝜂  l ( t ) | 2 −  1    𝜇  l (   𝜌  2 l − 1 )    |   w  l ( t ) | 2 +


  


  By   choosing     𝜌  1 l > 1


    𝜌  2 l > 1


      V .  l ( t ) ≤ −     𝜌  1 l    𝜇  l    |   𝜂  l ( t ) | 2 −     𝜌  2 l    𝜇  l    |   w  l ( t ) | 2 +   𝜇  l   𝛽  3 l


    𝛽  3 l =    ‖   H  l ‖ 2   k  3 l 2 +    ‖   H  1 l ‖ 2   k  4 l 2


      V .  l ( t ) ≤ −   𝛽  1 l   V  l ( t ) +   𝜇  l   𝛽  3 l


    𝛽  l 1 =   m i n ⁡   {     𝜌  1 l    𝜇  l   𝜆 ¯ (   H  l ) ;     𝜌  2 l    𝜇  l   𝜆 ¯ (   H  1 l ) }


    𝜆 ¯  ( ⋅ ) −  


    V  l ( t ) ≤     𝜇  l   𝛽  3 l    𝛽  1 l


     |   w  l ( t ) | 2 ≤  1      𝜆  l ¯ (   H  1 l )   V  l ( t ) ≤     𝜇  l   𝛽  l    𝛽  1 l


   |   e  l ( t ) | ≤   𝜇  l  |   w  l ( t ) | ≤   𝜇  l      𝜇  l   𝛽  3 l    𝛽  1 l


    𝛿  l > 0


    𝜇  0 l


  (   p 4 +   a  1 l   p 3 +   a  2 l   p 2 +   a  3 l p +   a  4 l )   y  1 l ( t ) = (   b  0 l p +   b  1 l )   u 1 + (   c  1 l p +   c  2 l )   f  l ( t ) +


    − 2 ≤   a  q l ≤ 8 ,     1 ≤   b  0 l ≤ 20 ,     1 ≤   b  1 l ≤ 20 ,     − 1 ≤   c  1 l ≤ 15 ,   − 1 ≤   c  2 l ≤ 15 ,   − 10 ≤   n  q l ≤ 10 , q =   1 , 4 ¯ ,   l =   1 , 3 . ¯


   ( p + 3  ) 3   y  m 1  ( t ) = 15   g 1  ( t ) ) ,


   ( p + 2  ) 3   y  m 2  ( t ) = 10   g 2 ( t ) ,  


   ( p + 2  ) 3   y  m 2  ( t ) = 10   g 2 ( t ) ,  


                                                                          ( p + 4  ) 3   y  m 3  ( t ) = 12   g 3  ( t )


    g 1  ( t ) = s i n 1 . 7 t ,     g 2  ( t )   = s i n 2 t ,   g 3  ( t ) = s i n 4 t .


    T 1 ( 𝜆 ) =   ( 𝜆 + 3 ) 2


    T 2  ( 𝜆 ) =    ( 𝜆 + 2 ) 2 ,     T 1  ( 𝜆 ) =    ( 𝜆 + 4 ) 2 ,


    𝛽  l = 20


    𝜇  l = 0 , 01 ,   l =   1 , 3 ¯ .


  ( p + 3 )     e ¯ 1 ( t ) = 20   v 1 ( t )


                                                                         ( p + 2 )     e ¯ 2  ( t ) = 20   v 2  ( t )


     


                                                                        ( p + 4 )     e ¯ 3 ( t ) = 20   v 3 ( t ) ;


   {        𝜉 .  l 1 ( t ) =   𝜉  l 2  ( t ) +  6    𝜇  l  (   v  l  ( t ) −   𝜉  l 1 ( t ) ) ,       𝜉 .  l 2  ( t ) =  8    𝜇  l 2  (   v  l  ( t ) −   𝜉  l 1  ( t ) )       v ¯  l  ( t ) =   𝜉  l 1  ( t ) ,   l =   1 , 3 ¯ ,


   {         z .  l ( t ) =  3    𝜇  l (   𝜁  l ( t ) −   z  l ( t ) ) ,          𝜁  l ¯ ( t ) =   z  l ( t ) ,     l =   1 , 3 ¯ .    


    u 1  ( t ) =   𝜉 11  ( t ) + 6   𝜉 21  ( t ) + 9     𝜉 . 21  ( t ) ,


    u 2  ( t ) =   𝜉 12  ( t ) + 4   𝜉 22  ( t ) + 4     𝜉 . 22  ( t ) ,


 


    v 2  ( t ) = − 0 . 05  ( 2   𝜁 2  ( t ) +     z . 2  ( t ) ) ,


    v 3 ( t ) = − 0 . 05 ( 4   𝜁 3 ( t ) +     z . 3 ( t ) ) .


    v 3 ( t ) = − 0 . 05 ( 4   𝜁 3 ( t ) +     z . 3 ( t ) ) .


  (   p 4 − 4   p 3 + 4   p 2 − 4 p + 4 )   y 1 ( t ) = ( 7 p + 5 )   u 1 + ( 3 p + 1 )   f 1 ( t ) +


   (   p 4 − 2   p 3 + 8   p 2 − p − 2 )   y 2  ( t ) =  ( p + 5 )   u 2 +  ( p + 1 )   f 2  ( t ) +


   (   p 4 − 4   p 3 + 4   p 2 − p + 1 )   y 3  ( t ) =  ( 3 p + 1 )   u 3 +  ( p + 4 )   f 3  ( t ) +


    e 1 ( t ) ,   e 2 ( t ) ,   e 3 ( t )


    y  m 1 ( t ) ,     y  m 2 ( t ) ,   y  m 3 ( t )


    H ∞  

