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Abstract—In this paper, we consider a perturbed Markov 
random walk described by an autoregressive process AR(1) with 
finance application. The solution of many management 
problems is brought to autoregressive process. 
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I. INTRODUCTION  
Frequently, the values of a time series are highly 

correlated with the values that precede and succeed them. 
This type of correlation is called autocorrelation. 
Autoregressive modeling is a technique used to forecast time 
series with autocorrelation. A first-order autocorrelation 
refers to the association between consecutive values in a time 
series. A second-order autocorrelation refers to the 
relationship between values that are two periods apart. A pth-
order autocorrelation refers to the correlation between values 
in a time series that are p periods apart. You can take into 
account the autocorrelation in data by using autoregressive 
modeling methods. 

II. FORMULATION AND PROOF OF THE MAIN RESULTS 
Let 𝜉𝜉𝑛𝑛 ,𝑛𝑛 ≥ 1   be a sequence of independent and 

identically distributed random variables defined on the some  
probability space (𝛺𝛺,ℱ,𝑃𝑃).  It is well known (see, for 
example,   Melfi  (1992), Novikov (2008), Zhang and Yang 
(2010), Saadatmand et al (2016)) that the first-order 
autoregressive process (𝐴𝐴𝐴𝐴(1))  is defined using a recurrent 
relation of the form 

𝑋𝑋𝑛𝑛 = 𝛽𝛽𝑋𝑋𝑛𝑛 −1 + 𝜉𝜉𝑛𝑛,   𝑛𝑛 ≥ 1, 
where 𝛽𝛽 ∈ 𝐴𝐴 = (−∞, +∞) is some fixed number and it is 
assumed that the initial value 𝑋𝑋0   does not depend on the 
innovation {𝜉𝜉𝑛𝑛}. 

III. PREPARE YOUR PAPER BEFORE STYLING 
Defination  (Melfi  (1992)). Let a sequence of random 

variables  𝑌𝑌0,𝑌𝑌1, … form a Markov chain in 𝐴𝐴, a sequence of 

random variables 𝑍𝑍1,𝑍𝑍2, …  has the property that the 
conditional distribution of the random variable 𝑍𝑍𝑘𝑘  for each 
fixed 𝑘𝑘, provided that (relatively). {𝑌𝑌𝑖𝑖 , 𝑖𝑖 ≥ 0 }  and {𝑍𝑍𝑖𝑖 , 𝑖𝑖 ≠
𝑘𝑘}  depends only on 𝑌𝑌𝑘𝑘  and 𝑌𝑌𝑘𝑘−1. In this case the sequence of 
sums 𝐿𝐿𝑛𝑛 = 𝑍𝑍1 + ⋯+ 𝑍𝑍𝑛𝑛 ,𝑛𝑛 ≥ 1 is called a Markov random 
walk. 

In particular, from this definition it follows that for any 
Borel function 𝑓𝑓:𝐴𝐴 × 𝐴𝐴 → 𝐴𝐴 the sum of random variables 
𝑍𝑍𝑘𝑘 = 𝑓𝑓(𝑌𝑌𝑘𝑘−1,𝑌𝑌𝑘𝑘),     𝐿𝐿𝑛𝑛 = ∑ 𝑍𝑍𝑘𝑘𝑛𝑛

𝑘𝑘=1        is a Markov random 
walk. Note that the usual random walk described by the sums 
of independent random variables  𝜉𝜉𝑛𝑛 , 𝑛𝑛 ≥ 1   is a Markov 
random walk. To make sure of this, it is enough to 
take 𝑓𝑓(𝑥𝑥1, 𝑥𝑥2) = 𝑥𝑥1 − 𝑥𝑥2 and  𝑌𝑌𝑘𝑘 = ∑ 𝜉𝜉𝑖𝑖𝑘𝑘

𝑖𝑖=1 , (𝑌𝑌0 = 0). 
It is known that important problems in the theory of 

nonlinear renewal for an ordinary random walk were studied 
in the works of Lai and Siegmund (1977), Lallay (1982), 
Zhang (1988), Woodroofe (1982), (1990) etc. Internal 
development of renewal theory and the theory of boundary 
value problems for random walk, as well as new statistical 
applications indicate the need to study general concepts (the 
case of dependent cases of random variables, the case of 
nonlinear boundaries). 

Some aspects of Markov renewal and renewal-reward 
processes also consider in papers Rahimov et al.   (2019), 
(2020), Aliyev and Khaniyev (2013), Aliyev et al (2015), 
Aliyev and  Bayramov (2017). 

Recently, much attention has been paid to the study of 
nonlinear boundary value problems for Markov random 
walks described by 𝐴𝐴𝐴𝐴(1)  processes (see, for example, 
Novikov (2008), Rahimov et al. (2015), (2019)). It should be 
noted that the nonlinear boundary value problems for the 
Markov random walk have been studied much less than for 
the ordinary random walk described by sums of independent 
random variables. 
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Table 1. Descriptive analyses of S&P and NASDAQ 

  Highest: Lowest:  Difference: Average:  Change 
%:  

S&P500  4,544 2,191.6  2,352.72 3,047 92.73 

NASDAQ 15,288 5,398 9,890.10 8,852 183.5 

 

Fig. 1. Price of  S&P500 index beetween  01/01/2017-01/08/2021. 

Fig. 2. Price of  NASDAQ  index beetween  01/01/2017-01/08/2021. 

In this paper, we consider a family of moments of the first 
crossing of a parabolic boundary by a perturbed Markov 
random walk described by an autoregressive process. The 
central limit theorem is proved for a perturbed Markov 
random walk, and the limit behavior of this family of moments 
of intersection of the parabolic boundary by this walk is 
studied. The proved Theorem 3 can be used to test the 
statistical hypothesis for the relationally unknown parameter 
𝛽𝛽 of the autoregressive process in a sequential repeated 
significance test. 
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