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Abstract—We consider a problem of identification of the 
hydraulic resistance coefficient of a main pipeline’s section 
when transporting hydrocarbon raw materials. The considered 
identification problem is reduced to a class of finite-dimensional 
optimization problems, for the solution of which we propose to 
use numerical finite-dimensional first-order optimization 
methods. For this purpose, we derive formulas for the 
components of the gradient of the objective functional in the 
space of identifiable parameters. The obtained values of the 
optimizable vector can then be used to construct the identifiable 
function from any class of basis functions using interpolation 
and approximation techniques. We also carried out some 
numerical experiments, the results of which are presented. 
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I. INTRODUCTION 
In recent years, pipeline transportation systems have 

become the main and most significant means of transporting 
hydrocarbon raw materials. When a fluid moves through a 
pipeline, two sources of energy loss occur: losses along the 
length of the pipeline and losses in local resistances. Local 
resistances are due to the presence of all kinds of devices that 
have short length in comparison with the length of the pipe, in 
which there takes place a sharp change of velocity in 
magnitude and/or direction, as well as various locking 
devices, turns, valves, etc. Losses in local resistances result 
from increased fluid mixing, followed by vortex formation, 
and large velocity gradients. Losses along the length of the 
pipe or friction losses arise due to friction in the flow and 
depend on the length of the pipeline and on the hydraulic 
resistance coefficient (see [1,2]). Resistance values of pipeline 
sections have a significant impact on the movement of oil 
(gas) in the pipeline. It is known (see [3]) that the resistance 
of a pipeline section depends not only on the geometric 
dimensions of the pipe, such as the length of the section and 
the diameter of the pipe, but also on the roughness of the inner 
surface of the pipe, which affects the value of the hydraulic 
resistance coefficient. In the course of long-term operation of 
pipelines, the hydraulic resistance coefficients of the sections 
change, namely, they increase as a result of the formation of 
hydrates on the inner surface of the pipelines. These processes 

occur most intensively as a result of disruption of 
technological operation modes of pipelines at installations for 
the preparation of hydrocarbon raw materials transportation. 
The development of main pipeline networks for hydrocarbon 
raw materials transportation is accompanied by the wide and 
intensive use of modern measuring and computer equipment, 
as well as remote control systems. Therefore, it is of great 
practical importance to use mathematical methods for 
identifying hydraulic resistance coefficients for operational 
monitoring of the state of pipeline network sections that makes 
it possible to identify suspicious areas where hydrate 
formation processes have begun actively, which significantly 
affects the loss of oil (gas) energy, as a result of which it is 
necessary to use more intensively artificial increase in the 
energy of oil (gas) on pumping (compressor) stations. 
Accidents are also possible at pipeline sections due to 
hydration and formation of hydraulic jams in them. Currently, 
to determine the hydraulic resistance coefficient in a pipeline, 
there are a large number of empirical and semi-empirical 
formulas derived from experimental studies (see [4,5]). These 
formulas involve parameters, in particular, the roughness 
coefficient, the determination of the value of which poses 
certain difficulties. In this regard, it is important to conduct 
research to determine the hydraulic resistance coefficient 
individually for each section of a particular pipeline system. 
The problem of identification of the hydraulic resistance 
coefficient of a pipeline section considered in the paper 
belongs to the class of coefficient-inverse problems for 
systems with distributed parameters. Here we take into 
account the dependence of the identifiable function on the 
current state of the process, namely, on the fluid velocity, 
ω(𝑥𝑥, 𝑡𝑡), and on the pipeline point, 𝑥𝑥 ∈ (0, ℓ). The initial data 
for solving the identification problem are the known values of 
fluid pressure and/or fluid motion velocity, observed 
continuously or at discrete times at different points of the 
pipeline section. For numerical solution of the problem, we 
employ a projection approach, based on finding optimal zonal 
values of the parameters of the identifiable coefficient on a 
given class of functions, which is defined by means of known 
basis functions. To do this, the entire section is divided into a 
given number of subsections, for each of which the set of 
possible feasible values of the process operating modes is 
divided into a given number of phase subsets (zones). For each 
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such subset and subsection, the hydraulic resistance 
coefficient is sought in the form of a representation 
(depending on the operating mode) using basis functions. 
With respect to the ends of the subsections and representation 
parameters for each subsection, we have obtained formulas for 
the gradient of the objective functional, which make it 
possible to use efficient first-order optimization methods. The 
results of the carried out numerical experiments are presented 
using a few test problems. 

II. PROBLEM STATEMENT 
Consider non-stationary motion of an incompressible fluid 

with constant density, ρ , and viscosity, υ , along a linear 
horizontal pipeline section of length ℓ and diameter 𝑑𝑑. This 
process can be adequately described by the Charny-linearized 
system of hyperbolic type differential equations (see [6]): 

             −
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= ρ �
𝜕𝜕ω
𝜕𝜕𝜕𝜕

+ α λ ω� ,−
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑐𝑐2ρ
𝜕𝜕ω
𝜕𝜕𝜕𝜕

,              (1) 

𝑥𝑥 ∈ (0, ℓ), 𝑡𝑡 > 𝑡𝑡0. 

Here 𝑝𝑝 = 𝑝𝑝(𝑥𝑥, 𝑡𝑡) and ω = ω(𝑥𝑥, 𝑡𝑡)  define the fluid flow 
regime, namely the pressure and velocity of flow at a point 
𝑥𝑥 ∈ (0, ℓ)  of the pipeline at point of time 𝑡𝑡 > 𝑡𝑡0 ; 𝑐𝑐  is the 
speed of sound in the fluid; α is the linearization coefficient 
defined, generally speaking, by the average velocity of the 
fluid in the pipeline. It is known (see [7]) that the hydraulic 
resistance coefficient, λ, participating in (1) depends on the 
fluid motion regime (laminar or turbulent), i.e. on the 
Reynolds number, Re = ω𝑑𝑑/υ . The coefficient λ  also 
depends on the relative roughness of the inner surface of the 
pipeline section, ε = 𝑘𝑘/𝑑𝑑 . Here 𝑘𝑘  is the value of absolute 
roughness characterizing the state of the inner surface of the 
pipeline. The range of possible values of the roughness 
coefficient, 𝑘𝑘, is quite large; its values for new pipes depend 
on the manufacturing quality and material, and for old pipes 
they mainly depend on the period, operating conditions, and 
properties of the transported fluid. In all known formulas for 
the hydraulic resistance coefficient (see [3]), an essential role 
is played by the absolute roughness coefficient, 𝑘𝑘, of the pipe 
surface, direct measurement of the value of which is not 
possible in practice. On the other hand, studies related to the 
determination of the hydraulic resistance coefficient are 
important, given the significant influence of their values on 
the consumption of energy resources spent on the 
transportation of hydrocarbon raw materials. Knowing the 
value of the friction coefficient, on the one hand, allows 
monitoring the current state of pipelines, planning and 
carrying out appropriate preventive maintenance work to 
clean the inner surface of the pipeline in time. On the other 
hand, control of the fluid pumping-over process under non-
stationary flow regimes arising from planned and unplanned 
transient processes, as well as the calculation of optimal 
operating modes of technological equipment is carried out 
using a mathematical model of the process (see [8]). Equation 
(1) and the hydraulic resistance coefficient of the pipeline 
section participating in (1) play an important role in 
calculations. Taking all of the above into account, the paper 
proposes a formulation and numerical solution of the problem 
of determining the hydraulic resistance coefficient of a 
pipeline section under specific operating conditions and the 
current state of its inner surface. Considering that the 
roughness is different for different sections of the pipeline, we 
conclude that λ is a function of the velocity, ω, and the point 
of the pipe, 𝑥𝑥 , i.e., λ = λ(ω, 𝑥𝑥) . At that, the value of the 

roughness coefficient of the inner surface for a given section 
is taken into account by the dependence λ(ω, 𝑥𝑥) itself. 

Let there be the results of any two of the following three 
types of pairs of observations of pumping-over modes at 
pumping stations located at the ends of the section, carried out 
in 𝑁𝑁 different time intervals �𝑇𝑇𝑖𝑖 ,𝑇𝑇𝑖𝑖�, 𝑖𝑖 = 1,2, … ,𝑁𝑁: 

                  𝑝𝑝𝑖𝑖(0, 𝑡𝑡) = φ0𝑖𝑖(𝑡𝑡), 𝑝𝑝𝑖𝑖(ℓ, 𝑡𝑡) = φℓ𝑖𝑖(𝑡𝑡),            (2) 

                  𝑝𝑝𝑖𝑖(0, 𝑡𝑡) = φ0𝑖𝑖(𝑡𝑡), 𝜔𝜔𝑖𝑖(ℓ, 𝑡𝑡) = ψℓ𝑖𝑖(𝑡𝑡),           (3) 

                  𝜔𝜔𝑖𝑖(0, 𝑡𝑡) = ψ0𝑖𝑖(𝑡𝑡), 𝑝𝑝𝑖𝑖(ℓ, 𝑡𝑡) = φℓ𝑖𝑖(𝑡𝑡),           (4) 

assuming a sufficiently long duration of each of the time 
intervals �𝑇𝑇𝑖𝑖 ,𝑇𝑇𝑖𝑖� . The observable functions φ0𝑖𝑖(𝑡𝑡) , φℓ𝑖𝑖(𝑡𝑡) , 
ψ0𝑖𝑖(𝑡𝑡), ψℓ𝑖𝑖(𝑡𝑡) are assumed to be continuous on �𝑇𝑇𝑖𝑖 ,𝑇𝑇𝑖𝑖�, 𝑖𝑖 =
1,2, … ,𝑁𝑁. For practical reasons, if it is impossible to measure 
the operating mode simultaneously at all points of the 
pipeline, we will assume that only the operating modes at the 
ends of the pipeline are observable, and the state of the initial 
operating modes for each of the observable processes at 𝑡𝑡 ∈
�𝑇𝑇𝑖𝑖 ,𝑇𝑇𝑖𝑖�  is not specified. Therefore, we will consider the 
processes described by (1) without initial conditions. The 
research of such problems was initiated by A.N. Tikhonov 
(see [9]). In [10], they carried on studies of the duration of the 
influence of initial conditions on evolutionary processes and 
it was discovered that this duration is finite within practical 
accuracy and mainly determined by the viscosity of the fluid 
and the geometric dimensions of the pipeline section, but does 
not depend on the initial and boundary conditions themselves. 
Note that to determine the duration of the influence of the 
initial conditions for each specific section, taking the 
properties of the pumped fluid into account, it is necessary to 
carry out special calculations recommended in [10] only onсe. 
Let’s denote the duration of this influence by Δ𝑇𝑇; we assume 
that the duration of the observation intervals �𝑇𝑇𝑖𝑖 ,𝑇𝑇𝑖𝑖� , 𝑖𝑖 =
1,2, … ,𝑁𝑁 , much exceed the duration Δ𝑇𝑇 . The solution of 
differential equations with unspecified initial conditions and 
given boundary conditions is usually called the boundary 
mode. To calculate the boundary mode for (1) in the case of a 
given hydraulic resistance coefficient, some boundary 
conditions must be specified. In the case of specifying one of 
the types of conditions (2) – (4), the problem of calculating 
boundary modes is correct. For a direct numerical solution of 
the problem and obtaining the boundary mode on the time 
interval �𝑇𝑇𝑖𝑖 + ∆𝑇𝑇,𝑇𝑇𝑖𝑖�, for example, using the grid method for 
each i-th observation experiment, it is necessary to set some 
initial conditions at 𝑡𝑡 = 𝑇𝑇𝑖𝑖. For this purpose, considering the 
process steady up to the moment of time 𝑇𝑇𝑖𝑖, 𝑖𝑖 = 1,2, . . ,𝑁𝑁, i.e. 
ω(𝑥𝑥, 𝑡𝑡) = const , 𝑥𝑥 ∈ [0, ℓ] , 𝑡𝑡 ≤ 𝑇𝑇𝑖𝑖 , integrating the first 
equation in (1) over 𝑥𝑥 and using, for example, the available 
values of the boundary conditions for pressure and velocity at 
the left or right ends at 𝑡𝑡 = 𝑇𝑇𝑖𝑖 , the following values can be 
taken as initial conditions: 

𝑝𝑝𝑖𝑖�𝑥𝑥,𝑇𝑇𝑖𝑖� = �φℓ𝑖𝑖�𝑇𝑇𝑖𝑖� − φ0𝑖𝑖�𝑇𝑇𝑖𝑖��
𝑥𝑥
ℓ

+ φ0𝑖𝑖�𝑇𝑇𝑖𝑖�, 

             ω𝑖𝑖�𝑥𝑥,𝑇𝑇𝑖𝑖� =
�φ0𝑖𝑖�𝑇𝑇𝑖𝑖� − φℓ𝑖𝑖�𝑇𝑇𝑖𝑖��

β ∙ ℓ
, 𝑥𝑥 ∈ [0, ℓ],          (5) 

in the case of specifying the boundary conditions as (2) (here 
β is some approximate value for the product α ∙ λ); 

𝑝𝑝𝑖𝑖�𝑥𝑥,𝑇𝑇𝑖𝑖� = φ0𝑖𝑖�𝑇𝑇𝑖𝑖� − β ∙ ψℓ𝑖𝑖�𝑇𝑇𝑖𝑖� ∙ 𝑥𝑥, 
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                     ω𝑖𝑖�𝑥𝑥,𝑇𝑇𝑖𝑖� = ψℓ𝑖𝑖�𝑇𝑇𝑖𝑖�, 𝑥𝑥 ∈ [0, ℓ],                 (6) 

in the case of specifying the boundary conditions as (3); 

𝑝𝑝𝑖𝑖�𝑥𝑥,𝑇𝑇𝑖𝑖� = φℓ𝑖𝑖�𝑇𝑇𝑖𝑖� + β ∙ ψ0𝑖𝑖�𝑇𝑇𝑖𝑖� ∙ (ℓ − 𝑥𝑥), 

                     ω𝑖𝑖�𝑥𝑥,𝑇𝑇𝑖𝑖� = ψ0𝑖𝑖�𝑇𝑇𝑖𝑖�, 𝑥𝑥 ∈ [0, ℓ],                 (7) 

in the case of specifying the boundary conditions as (4). 

 The unknown hydraulic resistance coefficient, λ(ω, 𝑥𝑥) , 
can be defined by distinct formulas at different speed ranges 
and have discontinuities of the first kind. Therefore, the 
solution of the considered boundary-value problems, i.e., the 
pair �𝑝𝑝(𝑥𝑥, 𝑡𝑡),ω(𝑥𝑥, 𝑡𝑡)� will be assumed to be continuous in 
𝑥𝑥 ∈ (0, ℓ) and differentiable in 𝑡𝑡 ∈ [𝑇𝑇𝑖𝑖 ,𝑇𝑇𝑖𝑖]. 

 In order to determine the required hydraulic resistance 
coefficient, λ(ω, 𝑥𝑥), for possible types of observation (2) – 
(4), we introduce the following functionals of standard 
deviation of 

1) the observable boundary conditions 

               ω𝑖𝑖(0, 𝑡𝑡) = ψ0𝑖𝑖(𝑡𝑡), ω𝑖𝑖(ℓ, 𝑡𝑡) = ψℓ𝑖𝑖(𝑡𝑡)             (8) 

from those calculated as a result of solving the problem (1), 
(2), and (5): 

              F(λ) =
1
𝑁𝑁
� F𝑖𝑖(λ;φ0𝑖𝑖 ,φℓ𝑖𝑖)
𝑁𝑁

𝑖𝑖=1

+ ε�λ − λ��2,            (9) 

F𝑖𝑖(λ;φ0𝑖𝑖 ,φℓ𝑖𝑖) = � {[ω(0, 𝑡𝑡; λ;φ0𝑖𝑖 ,φℓ𝑖𝑖) − ψ0𝑖𝑖(𝑡𝑡)]2 +

𝑇𝑇𝑖𝑖

𝑇𝑇𝑖𝑖+∆𝑇𝑇

 

+[ω(ℓ, 𝑡𝑡; λ;φ0𝑖𝑖 ,φℓ𝑖𝑖) − ψℓ𝑖𝑖(𝑡𝑡)]2}d𝑡𝑡, 

where ω(𝑥𝑥, 𝑡𝑡; λ;φ0𝑖𝑖 ,φℓ𝑖𝑖) , 𝑥𝑥 ∈ (0, ℓ) , 𝑡𝑡 ∈ [𝑇𝑇𝑖𝑖 + ∆𝑇𝑇,𝑇𝑇𝑖𝑖] , 𝑖𝑖 =
1,2, … ,𝑁𝑁, is the solution of problem (1), (2), and (5); 

2) the observable boundary conditions (4) from those 
calculated as a result of solving the problem (1), (3), and (6): 

             F(λ) =
1
𝑁𝑁
� F𝑖𝑖(λ;φ0𝑖𝑖 ,ψℓ𝑖𝑖)
𝑁𝑁

𝑖𝑖=1

+ ε�λ − λ��2,           (10) 

F𝑖𝑖(λ;φ0𝑖𝑖 ,ψℓ𝑖𝑖) = � {[ω(0, 𝑡𝑡; λ;φ0𝑖𝑖 ,ψℓ𝑖𝑖) − ψ0𝑖𝑖(𝑡𝑡)]2 +

𝑇𝑇𝑖𝑖

𝑇𝑇𝑖𝑖+∆𝑇𝑇

 

+[𝑝𝑝(ℓ, 𝑡𝑡; λ;φ0𝑖𝑖 ,ψℓ𝑖𝑖) − φℓ𝑖𝑖(𝑡𝑡)]2}d𝑡𝑡, 

where 𝑝𝑝(𝑥𝑥, 𝑡𝑡; λ;φ0𝑖𝑖 ,ψℓ𝑖𝑖) and ω(𝑥𝑥, 𝑡𝑡; λ;φ0𝑖𝑖 ,ψℓ𝑖𝑖), 𝑥𝑥 ∈ (0, ℓ), 
𝑡𝑡 ∈ [𝑇𝑇𝑖𝑖 + ∆𝑇𝑇,𝑇𝑇𝑖𝑖], 𝑖𝑖 = 1,2, … ,𝑁𝑁 , is the solution of problem 
(1), (2), and (6); 

3) the observable boundary conditions (3) from those 
calculated as a result of solving the problem (1), (4), and (7): 

             F(λ) =
1
𝑁𝑁
� F𝑖𝑖(λ;ψ0𝑖𝑖 ,φℓ𝑖𝑖)
𝑁𝑁

𝑖𝑖=1

+ ε�λ − λ��2,           (11) 

F𝑖𝑖(λ;ψ0𝑖𝑖 ,φℓ𝑖𝑖) = � {[𝑝𝑝(0, 𝑡𝑡; λ;ψ0𝑖𝑖 ,φℓ𝑖𝑖) − φ0𝑖𝑖(𝑡𝑡)]2 +

𝑇𝑇𝑖𝑖

𝑇𝑇𝑖𝑖+∆𝑇𝑇

 

+[ω(ℓ, 𝑡𝑡; λ;ψ0𝑖𝑖 ,φℓ𝑖𝑖) − ψℓ𝑖𝑖(𝑡𝑡)]2}d𝑡𝑡, 

where 𝑝𝑝(𝑥𝑥, 𝑡𝑡; λ;ψ0𝑖𝑖 ,φℓ𝑖𝑖) and ω(𝑥𝑥, 𝑡𝑡; λ;ψ0𝑖𝑖 ,φℓ𝑖𝑖), 𝑥𝑥 ∈ (0, ℓ), 
𝑡𝑡 ∈ [𝑇𝑇𝑖𝑖 + ∆𝑇𝑇,𝑇𝑇𝑖𝑖], 𝑖𝑖 = 1,2, … ,𝑁𝑁 , is the solution of problem 
(1), (2), and (7). The second terms in the considered 
functionals (9) – (11) are for regularization purposes, where ε 
and λ� are regularization parameters (see [11]). 

 Thus, the considered problem of determining the hydraulic 
resistance coefficient of a pipeline section has been reduced to 
the problem of minimizing one of the functionals (9), (10), or 
(11) taking into account the mathematical model of the 
process, (1), and one of the boundary conditions, (2), (3), or 
(4). In this case, the initial conditions can be chosen from (5) 
– (7) rather arbitrarily, since they do not affect the value of the 
functional. The present problem is to be called the inverse 
problem or the parametric identification problem with 
unspecified initial conditions. 

 In the general case, it is possible that observations of 
pumping-over modes are carried out not only at the ends of 
the section, but also at some intermediate points 𝑥𝑥𝑗𝑗 ∈ (0, ℓ), 
𝑗𝑗 = 1,2, … ,𝑀𝑀 . Most often, in practice, it is technically 
possible to measure the current pressure values at intermediate 
points of the pipeline section, i.e. 

𝑝𝑝�𝑥𝑥𝑗𝑗 , 𝑡𝑡� = φ𝑗𝑗𝑗𝑗(𝑡𝑡), 𝑡𝑡 ∈ �𝑇𝑇𝑖𝑖 ,𝑇𝑇𝑖𝑖�, 𝑗𝑗 = 1,2, … ,𝑀𝑀, 𝑖𝑖 = 1,2, … ,𝑁𝑁. 

In this case, instead of functionals (9) – (11), one should 
consider the functional 

F�(λ) = F(λ) +
1

𝑁𝑁 ∙ 𝑀𝑀
�� � �𝑝𝑝�𝑥𝑥𝑗𝑗 , 𝑡𝑡� − φ𝑗𝑗𝑗𝑗(𝑡𝑡)�

2d𝑡𝑡

𝑇𝑇𝑖𝑖

𝑇𝑇𝑖𝑖+∆𝑇𝑇

𝑀𝑀

𝑗𝑗=1

𝑁𝑁

𝑖𝑖=1

. 

It is clear that when solving the inverse problem, an increase 
in the number of pipeline points at which measurements are 
made and in the duration of measurements leads to an increase 
in the accuracy of the results, taking into account the 
inevitable errors and interference in measurements. 

III. NUMERICAL SOLUTION OF THE PROBLEM 
The considered problem of determining the hydraulic 

resistance coefficient function is formulated within the 
framework of the optimal control problem for a system with 
distributed parameters, and more precisely, the feedback 
control problem, since the current value of the function to be 
identified for all 𝑥𝑥 ∈ (0, ℓ)  and 𝑡𝑡 ∈ �𝑇𝑇𝑖𝑖 ,𝑇𝑇𝑖𝑖� , 𝑖𝑖 = 1,2, … ,𝑁𝑁 , 
depends on the current state of the process ω(𝑥𝑥, 𝑡𝑡) and the 
point of the pipeline 𝑥𝑥 ∈ (0, ℓ). For numerical solution of the 
problem, we propose to use an approach based on the idea 
outlined in [12, 13]. We split the entire segment 𝑋𝑋 = [0, ℓ] by 
intermediate ordered (subsequently optimized) (𝐿𝐿𝑥𝑥 − 1) 
points ξ𝑘𝑘 , 𝑘𝑘 = 0,1, … , 𝐿𝐿𝑥𝑥 , such that 0 = ξ0 < ξ1 < ⋯  <
ξ𝐿𝐿𝑥𝑥−1 < ξ𝐿𝐿𝑥𝑥 =  ℓ , into 𝐿𝐿𝑥𝑥  subsections 𝑋𝑋𝑘𝑘 = [ξ𝑘𝑘−1, ξ𝑘𝑘). 
Suppose that, based on a priori information on the process, the 
range of actually possible values of the fluid motion velocity 
in the pipeline is known, i.e. 

ω(𝑥𝑥, 𝑡𝑡) ∈ Ω = �ω,ω�, 𝑥𝑥 ∈ (0, ℓ), 𝑡𝑡 > 𝑡𝑡0, 

where ω  and ω  are known limit values of the function 
ω(𝑥𝑥, 𝑡𝑡). We quantize the set Ω with predetermined ordered 
values ω𝑗𝑗 , 𝑗𝑗 = 0,1, … , 𝐿𝐿ω , such that ω = ω0 < ω1 < ⋯  <
ω𝐿𝐿ω = ω, and introduce subsets (zones) Ω𝑗𝑗 = �ω𝑗𝑗−1,ω𝑗𝑗� ⊂
Ω, 𝑗𝑗 = 1,2, … , 𝐿𝐿ω. In particular, quantization can be uniform 
or dependent on a priori information on the process. 
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The function to be identified, which determines the 
hydraulic resistance coefficient λ(ω, 𝑥𝑥), will be determined 
for each zone Ω𝑗𝑗  and for each subsection 𝑋𝑋𝑘𝑘  by means of 
predetermined 𝐿𝐿 basis functions, namely, the function λ(ω, 𝑥𝑥) 
is sought in the form 

    λ(ω, 𝑥𝑥) = �λ𝑠𝑠
𝑘𝑘𝑘𝑘 ∙ γ𝑠𝑠(ω)

𝐿𝐿

𝑠𝑠=1

, ω ∈ Ω𝑗𝑗 , 𝑥𝑥 ∈ 𝑋𝑋𝑘𝑘    (12) 

Here λ𝑠𝑠
𝑘𝑘𝑘𝑘  are unknown coefficients to be identified, and 

γ𝑠𝑠(ω), 𝑠𝑠 = 1, 2, … , 𝐿𝐿, is a set of known linearly independent 
basis functions. Thus, the problem of finding the function 
λ(ω, 𝑥𝑥) has been reduced to the problem of finding finite-
dimensional vectors Λ = �λ𝑠𝑠

𝑘𝑘𝑘𝑘� , 𝑗𝑗 = 1,2, … , 𝐿𝐿ω , 𝑘𝑘 =
1,2, … , 𝐿𝐿𝑥𝑥, 𝑠𝑠 = 1,2, … , 𝐿𝐿, and ξ = �ξ1, ξ2, … , ξ𝐿𝐿𝑥𝑥�. We denote 
by 𝑧𝑧 = (Λ, ξ) a vector of dimension 𝐿𝐿 ∙ 𝐿𝐿𝑥𝑥 ∙ (𝐿𝐿ω + 1) + 𝐿𝐿𝑥𝑥 −
1. The original optimal control problem has been reduced to 
the parametric optimal control problem to find a finite-
dimensional vector 𝑧𝑧 . To solve it, one can use numerical 
methods based on the construction of a minimizing sequence 
{𝑧𝑧𝑘𝑘} using iterative first-order optimization procedures, for 
example, the conjugate gradients method (see [14]). To 
construct a procedure for first-order numerical optimization, 
we need formulas for the components of the gradient of the 
objective functional; to obtain them, we use the well-known 
technique of variation of the optimizable parameters of the 
functional (see [13,15,16]) (the derivation of these formulas is 
omitted). The components of the gradient of the objective 
functional of the considered problems on the class of functions 
(12) with respect to unknown parameters λ𝑠𝑠

𝑘𝑘𝑘𝑘  are determined 
by the formulas 

𝜕𝜕𝜕𝜕(𝑧𝑧)

𝜕𝜕λ𝑠𝑠
𝑘𝑘𝑘𝑘 =

1
𝑁𝑁
� � � αρ𝑞𝑞(𝑥𝑥, 𝑡𝑡)γ𝑠𝑠(ω)ω(𝑥𝑥, 𝑡𝑡, 𝑧𝑧)

 

Π𝑘𝑘𝑘𝑘
𝑖𝑖 (𝑡𝑡;𝑧𝑧)

𝑑𝑑𝑑𝑑

𝑇𝑇𝑖𝑖

𝑇𝑇𝑖𝑖+∆𝑇𝑇

d𝑡𝑡
𝑁𝑁

𝑖𝑖=1

 

𝑠𝑠 = 1,2, … , 𝐿𝐿;   𝑗𝑗 = 1,2, … , 𝐿𝐿ω;   𝑘𝑘 = 1,2, … ,𝐿𝐿𝑥𝑥 , 

and with respect to the unknown parameters ξ1, ξ2, … , ξ𝐿𝐿𝑥𝑥  by 
the formulas 

𝜕𝜕𝜕𝜕
𝜕𝜕ξ𝑘𝑘

=
1
𝑁𝑁
�� � αρ�λ𝑠𝑠

𝑘𝑘−1,𝑗𝑗 − λ𝑠𝑠
𝑘𝑘,𝑗𝑗�γ𝑠𝑠(ω)𝑞𝑞(𝑥𝑥, 𝑡𝑡)

𝑇𝑇𝑖𝑖

𝑇𝑇𝑖𝑖+∆𝑇𝑇

𝐿𝐿

𝑠𝑠=1

𝑁𝑁

𝑖𝑖=1

 

                                        ω(𝑥𝑥, 𝑡𝑡; 𝑧𝑧)d𝑡𝑡, 𝑘𝑘 = 1,2, … ,𝐿𝐿𝑥𝑥 − 1. 

Here the set Π𝑘𝑘𝑘𝑘𝑖𝑖 (𝑡𝑡; 𝑧𝑧)  for each moment in time 𝑡𝑡 ∈ �𝑇𝑇𝑖𝑖 +
∆𝑇𝑇,𝑇𝑇𝑖𝑖� is defined as the union of those intervals of the sub-
segment 𝑋𝑋𝑘𝑘 , in which, under the i-th observation of the 
process at moment of time 𝑡𝑡, the velocity ω(𝑥𝑥, 𝑡𝑡; 𝑧𝑧) ∈ Ω𝑗𝑗. The 
pair (𝑞𝑞(𝑥𝑥, 𝑡𝑡), 𝑣𝑣(𝑥𝑥, 𝑡𝑡)) is a solution to the system of equations 
conjugate to (1): 

𝜕𝜕𝜕𝜕(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝜕𝜕

= 0, 

ρ
𝜕𝜕𝜕𝜕(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝜕𝜕

+ 𝑐𝑐2ρ
𝜕𝜕𝜕𝜕(𝑥𝑥, 𝑡𝑡)
𝜕𝜕𝜕𝜕

− αρ𝑞𝑞(𝑥𝑥, 𝑡𝑡) �λ + ω(𝑥𝑥, 𝑡𝑡)
𝑑𝑑λ
𝑑𝑑ω

� = 0 

for which the boundary and initial conditions, depending on 
the problem under consideration, have different forms: 

a) for the problem (1), (3), (6), and (10): 

𝑞𝑞(ℓ, 𝑡𝑡) = −2[𝑝𝑝(ℓ, 𝑡𝑡) − φℓ𝑖𝑖(𝑡𝑡)], 

𝑣𝑣(0, 𝑡𝑡) =
2
𝑐𝑐2ρ

[ω(0, 𝑡𝑡) − ψ0𝑖𝑖(𝑡𝑡)], 

𝑞𝑞�𝑥𝑥,𝑇𝑇𝑖𝑖� = 0, 𝑣𝑣�𝑥𝑥,𝑇𝑇𝑖𝑖� = 0,  

𝑥𝑥 ∈ (0, ℓ), 𝑡𝑡 ∈ �𝑇𝑇𝑖𝑖 + ∆𝑇𝑇,𝑇𝑇𝑖𝑖�; 

b) for the problem (1), (4), (7), and (11): 

𝑞𝑞(0, 𝑡𝑡) = 2[𝑝𝑝(0, 𝑡𝑡) −φ0𝑖𝑖(𝑡𝑡)], 

𝑣𝑣(ℓ, 𝑡𝑡) = −
2
𝑐𝑐2ρ

[ω(ℓ, 𝑡𝑡) −ψℓ𝑖𝑖(𝑡𝑡)], 

𝑞𝑞�𝑥𝑥,𝑇𝑇𝑖𝑖� = 0, 𝑣𝑣�𝑥𝑥,𝑇𝑇𝑖𝑖� = 0, 

𝑥𝑥 ∈ (0, ℓ), 𝑡𝑡 ∈ �𝑇𝑇𝑖𝑖 + ∆𝑇𝑇,𝑇𝑇𝑖𝑖�; 

c) for the problem (1), (2), (5), and (9): 

𝑣𝑣(0, 𝑡𝑡) =
2
𝑐𝑐2ρ

[ω(0, 𝑡𝑡) − ψ0𝑖𝑖(𝑡𝑡)], 

𝑣𝑣(ℓ, 𝑡𝑡) = −
2
𝑐𝑐2ρ

[ω(ℓ, 𝑡𝑡) −ψℓ𝑖𝑖(𝑡𝑡)], 

𝑞𝑞�𝑥𝑥,𝑇𝑇𝑖𝑖� = 0, 𝑣𝑣�𝑥𝑥,𝑇𝑇𝑖𝑖� = 0,  

𝑥𝑥 ∈ (0, ℓ), 𝑡𝑡 ∈ �𝑇𝑇𝑖𝑖 + ∆𝑇𝑇,𝑇𝑇𝑖𝑖�. 

An important role in identifying the unknown function 
λ(ω, 𝑥𝑥) using the described approach is played by the choice 
of both the zones Ω𝑗𝑗, 𝑗𝑗 = 1,2, … , 𝐿𝐿ω, and their number, as well 
as the number of points ξ𝑘𝑘, 𝑘𝑘 = 1,2, … , 𝐿𝐿𝑥𝑥 − 1. The following 
approach is recommended. Firstly, the initial values of 𝐿𝐿𝑥𝑥 and 
𝐿𝐿ω are arbitrarily chosen, the boundaries of the subsections 
ξ𝑘𝑘, 𝑘𝑘 = 1,2, … , 𝐿𝐿𝑥𝑥 − 1 are specified, and some zones Ω𝑗𝑗, 𝑗𝑗 =
1,2, … , 𝐿𝐿ω, are chosen. Having solved the posed identification 
problem, the obtained values of the identifiable parameters are 
analyzed for all neighboring subsections and zones. If the 
identifiable parameters in any two adjacent subsections or 
zones differ by a sufficiently small amount, then these 
adjacent subsections or zones can be combined into one, thus 
decreasing the numbers 𝐿𝐿𝑥𝑥  and/or 𝐿𝐿ω . If the identifiable 
parameters in two adjacent subsections or zones differ 
significantly, then, on the contrary, each of these adjacent 
subsections or zones should be divided, for example, into two 
parts, thus increasing the numbers 𝐿𝐿𝑥𝑥  and/or 𝐿𝐿ω , and again 
solve the posed identification problem. An increase in the 
number of subsections and zones should be carried out until 
the value of the objective functional ceases to change 
(decrease) significantly. 

IV. RESULT OF NUMERICAL EXPERIMENTS 
Numerous computational experiments have been carried 

out on test (model) problems. Here are some of the results of 
these experiments. Let us assume that we are observing non-
stationary oil transportation processes with density ρ =
860 kg/m3 on a straight pipeline section with diameter 𝑑𝑑 =
0.53 m and length ℓ = 100 km. We take the speed of sound 
in oil equal to 𝑐𝑐 = 1200 m/s, the value of the linearization 
parameter to be α = 1. Suppose that we have the following 
results of 𝑁𝑁 = 10  observations of the form (2) over the 
pumping-over modes (pressure) on pumping stations located 
at the ends of the segment; observations have been performed 
over ten different time segments [𝑇𝑇𝑖𝑖 ,𝑇𝑇𝑖𝑖], 𝑖𝑖 = 1,2, … ,10, each 
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of duration 120 min., i.e., 𝑇𝑇𝑖𝑖 = 𝑇𝑇𝑖𝑖 + 120 , and, moreover, 
𝑇𝑇1 = 0, 𝑇𝑇𝑖𝑖 = 𝑇𝑇𝑖𝑖−1 + 180, for 𝑖𝑖 = 2,3, … ,10: 

𝑝𝑝1(0, 𝑡𝑡) = �5 cos �0.0009�𝑡𝑡 − 𝑇𝑇1�� + 20�98066.5
kg
m3, 

𝑝𝑝1(ℓ, 𝑡𝑡) = �2 sin �0.0009�𝑡𝑡 − 𝑇𝑇1�� + 10�98066.5
kg
m3, 

    𝑡𝑡 ∈ �𝑇𝑇1,𝑇𝑇1�;    (13) 

𝑝𝑝2(0, 𝑡𝑡) = �6 cos �0.0009�𝑡𝑡 − 𝑇𝑇2�� + 30�98066.5
kg
m3, 

𝑝𝑝2(ℓ, 𝑡𝑡) = �2 sin �0.0008�𝑡𝑡 − 𝑇𝑇2�� + 10�98066.5
kg
m3, 

    𝑡𝑡 ∈ �𝑇𝑇2,𝑇𝑇2�;    (14) 

𝑝𝑝3(0, 𝑡𝑡) = �7 cos �0.0009�𝑡𝑡 − 𝑇𝑇3�� + 40�98066.5
kg
m3, 

𝑝𝑝3(ℓ, 𝑡𝑡) = �2 sin �0.0009�𝑡𝑡 − 𝑇𝑇3�� + 10�98066.5
kg
m3, 

    𝑡𝑡 ∈ �𝑇𝑇3,𝑇𝑇3�;    (15) 

𝑝𝑝4(0, 𝑡𝑡) = �8 cos �0.0009�𝑡𝑡 − 𝑇𝑇4�� + 50� 98066.5
kg
m3, 

𝑝𝑝4(ℓ, 𝑡𝑡) = �3 sin �0.0007�𝑡𝑡 − 𝑇𝑇4�� + 10�98066.5
kg
m3, 

    𝑡𝑡 ∈ �𝑇𝑇4,𝑇𝑇4�;    (16) 

𝑝𝑝5(0, 𝑡𝑡) = �9 cos �0.0009�𝑡𝑡 − 𝑇𝑇5�� + 60�98066.5
kg
m3, 

𝑝𝑝5(ℓ, 𝑡𝑡) = �4 sin �0.0006�𝑡𝑡 − 𝑇𝑇5�� + 10�98066.5
kg
m3, 

    𝑡𝑡 ∈ �𝑇𝑇5,𝑇𝑇5�;    (17) 

𝑝𝑝6(0, 𝑡𝑡) = �10 cos �0.0009�𝑡𝑡 − 𝑇𝑇6�� + 70�98066.5
kg
m3, 

𝑝𝑝6(ℓ, 𝑡𝑡) = �5 cos �0.0007�𝑡𝑡 − 𝑇𝑇6�� + 10� 98066.5
kg
m3, 

    𝑡𝑡 ∈ �𝑇𝑇6,𝑇𝑇6�;    (18) 

𝑝𝑝7(0, 𝑡𝑡) = �10 cos �0.0009�𝑡𝑡 − 𝑇𝑇7�� + 80�98066.5
kg
m3, 

𝑝𝑝7(ℓ, 𝑡𝑡) = �4 cos �0.0008�𝑡𝑡 − 𝑇𝑇7�� + 10� 98066.5
kg
m3, 

    𝑡𝑡 ∈ �𝑇𝑇7,𝑇𝑇7�;    (19) 

𝑝𝑝8(0, 𝑡𝑡) = �9 cos �0.0009�𝑡𝑡 − 𝑇𝑇8�� + 90�98066.5
kg
m3, 

𝑝𝑝8(ℓ, 𝑡𝑡) = �3 sin �0.0009�𝑡𝑡 − 𝑇𝑇8�� + 10�98066.5
kg
m3, 

    𝑡𝑡 ∈ �𝑇𝑇8,𝑇𝑇8�;    (20) 

𝑝𝑝9(0, 𝑡𝑡) = �8 cos �0.0009�𝑡𝑡 − 𝑇𝑇9�� + 100� 98066.5
kg
m3, 

𝑝𝑝9(ℓ, 𝑡𝑡) = �2 sin �0.0007�𝑡𝑡 − 𝑇𝑇9�� + 10�98066.5
kg
m3, 

    𝑡𝑡 ∈ �𝑇𝑇9,𝑇𝑇9�;    (21) 

𝑝𝑝10(0, 𝑡𝑡) = �10 cos �0.001�𝑡𝑡 − 𝑇𝑇10�� + 110�98066.5
kg
m3, 

𝑝𝑝10(ℓ, 𝑡𝑡) = �5 sin �0.001�𝑡𝑡 − 𝑇𝑇10�� + 10�98066.5
kg
m3, 

    𝑡𝑡 ∈ �𝑇𝑇10,𝑇𝑇10�.    (22) 

To obtain some test observable values of raw material 
consumption at the ends of the pipeline section, the section 𝑋𝑋 
is divided by one ( 𝐿𝐿𝑥𝑥 = 1 ) point ξ = 70 km  into 2 
subsections, 𝑋𝑋1 = [0, 70]  and 𝑋𝑋2 = [70, 100].  From 
preliminary numerical calculations for various permissible 
values of hydraulic resistances, the range of possible speeds in 
the entire section was identified to be ω = 0.35 m/s and ω =
2.65 m/s . That is why the following 10 zones, Ω𝑖𝑖 , 𝑖𝑖 =
1,2, … ,10, were considered for Ω: 

 {[0.35; 0.5), [0.5; 0.75), [0.75; 1), [1; 1.25), [1.25; 1.5), 

[1.5; 1.75), [1.75; 2), [2; 2.25), [2.25; 2.5), [2.5; 2.65)}. 

For the test problems, we obtained the observable values of 
raw materials consumption at the ends of the section of the 
form (8) for ten observations by means of calculation. For this 
purpose, ten initial-boundary value problems were solved for 
(1) with the corresponding ten variants of boundary conditions 
(24) – (33) of the form (2) with the initial conditions calculated 
according to (5). Here are the results of solving two test 
problems. In the first test problem, to obtain the observable 
values of the form (8), the hydraulic resistance coefficients for 
each zone and for all subsections were taken as linear 
functions 

λ(ω, 𝑥𝑥) = λ1
𝑘𝑘,𝑗𝑗 + λ2

𝑘𝑘,𝑗𝑗ω, 𝑘𝑘 = 1,2, 𝑖𝑖 = 1,2, … ,10 

i.e. the basis functions in (12) are γ1(ω) = 1, γ2(ω) = ω,
𝐿𝐿 = 2. The used (optimal) values of the parameters λs

𝑘𝑘,𝑗𝑗  are 
given in Table 1. The same class of functions was used to 
solve the problem of identifying the hydraulic resistance 
function. For the second test problem, the observable values 
(8) were obtained for the class of piecewise constant hydraulic 
resistance functions: 

λ(ω, 𝑥𝑥) = λ1
𝑘𝑘,𝑗𝑗 , 𝑘𝑘 = 1,2, 𝑖𝑖 = 1,2, … ,10, 

i.e. 𝐿𝐿 = 1 and γ1(ω) = 1. The used (optimal) values of the 
parameters λ1

𝑘𝑘,𝑗𝑗 are given in Table 3. To analyze the stability 
of the obtained solutions of the considered parametric 
identification problem, noises were introduced into data given 
by (8). Namely, we solved the inverse problems under 
conditions for which the observed values of the flow rate at 
the ends of the section (the results of solving the above direct 
boundary-value problems under the boundary conditions (13) 
– (22)) are subject to disturbances that have a uniform 
distribution on the interval [−χ, χ]. The value of χ ≥ 0 in the 
experiments varied and took the values 0 (i.e., without any 
noise), 0.05, and 0.1, which corresponded to noise level equal 
to 0%, 0.5%, and 1%, as if from the measured flow rates 
ω�𝑖𝑖(0, 𝑡𝑡) and ω�𝑖𝑖(ℓ, 𝑡𝑡) at the ends of the segment: 

ω�𝑖𝑖(0, 𝑡𝑡) = (1 + γ1)ω𝑖𝑖(0, 𝑡𝑡),ω�𝑖𝑖(ℓ, 𝑡𝑡) = (1 + γ2)ω𝑖𝑖(ℓ, 𝑡𝑡), 

𝑖𝑖 = 1,2, … ,𝑁𝑁. 

To generate random variables γ1 and γ2 uniformly distributed 
over the interval [−χ, χ] , we used a standard program for 
generating pseudorandom numbers. 
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To determine the value of Δ𝑇𝑇, special calculations were 
carried out, namely, the boundary-value problem (1) and (13) 
– (22) was solved for the considered section of the pipeline 
under various initial conditions. As a result, the duration Δ𝑇𝑇 
was determined to be about 10 minutes. 

 The numerical solution of the boundary-value problem (1) 
and (13) – (22) was carried out using the implicit scheme of 
the grid method with the steps in the variables 𝑥𝑥 and 𝑡𝑡 equal 
to ℎ𝑥𝑥 = 100 m  and ℎ𝑡𝑡 = 7.2 s , respectively. To solve the 
optimization problem, the conjugate gradient method was 
used with the following optimization parameters: the accuracy 
of solving the auxiliary one-dimensional minimization 
problem is 10−4,the accuracy of solving the multidimensional 
minimization problem is 10−3. In all test problems, the zero 
vector was taken as the initial values of the identifiable 
parameters, i.e. λ𝑠𝑠

𝑘𝑘,𝑗𝑗 = 0, ξ10 = 6. For example, the value of 
the objective functional in the first test problem at the initial 
point 𝑧𝑧0 = (λ0, ξ0)  under the noise level of 0% was 𝐹𝐹0 ≈
1198267791. 

 As can be seen from the results of numerical experiments 
given in Tables 1 – 4, the influence of a measurement error of 
up to 1% (for instance, when measuring pressure in practice, 
the error range of 0.5 – 1% is quite acceptable) on the obtained 
values of the identifiable parameters is insignificant; 
therefore, the graphical presentation of the results of the 
influence of measurement errors is not given due to low 
information content. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

TABLE 1. OPTIMAL AND OBTAINED VALUES OF THE PARAMETERS OF THE 
HYDRAULIC RESISTANCE FUNCTIONS UNDER 0%, 0.5% AND 1% NOISE 

LEVELS FOR TEST PROBLEM 1. 

 
 

 

TABLE 2. OBTAINED VALUES OF THE ENDS OF THE SUBSECTIONS AND OF 
THE FUNCTIONAL UNDER 0%, 0.5% AND 1% NOISE LEVELS FOR TEST 

PROBLEM 1. 
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TABLE 3. OPTIMAL AND OBTAINED VALUES OF THE PARAMETERS OF THE 
HYDRAULIC RESISTANCE FUNCTIONS UNDER 0%, 0.5% AND 1% NOISE 

LEVELS FOR TEST PROBLEM 2. 

 
TABLE 4. THE OBTAINED VALUES OF THE ENDS OF THE SUBSECTIONS AND 
OF THE FUNCTIONAL UNDER 0%, 0.5% AND 1% NOISE LEVELS FOR TEST 

PROBLEM 2. 

 

V. CONCLUSION 
 In the paper, we have considered the numerical solution of 
the parametric identification problem for a mathematical 
model of a dynamic object with distributed parameters by the 
example of solving the problem of identifying the hydraulic 
resistance coefficient under a non-stationary mode of fluid 
motion through pipelines. It is known that the hydraulic 
resistance coefficient is a function of the fluid velocity. 
Empirical formulas proposed by many engineers for 
estimating the value of the hydraulic resistance coefficient do 
not always give adequate results on specific pipelines due to 
the fact that they do not take into account the specific features 
of these pipelines. The theoretical and practical results 
obtained in the paper make it possible to use them in automatic 
control systems on pipelines. We proposed an approach to 
numerical solution of the considered problem that consists in 

the fact that the entire pipeline section is divided into a given 
number of subsections, the ends of which are optimizable, and 
we introduced the concept of a “zone” for the optimizable 
parameters of the identifiable function depending on the 
current state of the object. The set of all phase states of the 
object is divided into a finite number of subsets (zones), in 
each of which the function to be identified is assumed to be 
constant, linear, or having some other form of functional 
dependence. The results obtained can also be used in 
mathematical modeling and solving inverse problems for 
many technological processes and technical objects, the 
identifiable parameters of which are functions of the state of 
the process (object). 
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